M-math (2019) Final Exam
Subject : Stochastic Processes

Time : 3.00 hours Max.Marks 50.

1. Let G be a bounded open set in R? and ¢ : G — R be a bounded
measurable function. Here OG is the boundary of G. Let H C G be an open
set. Let 7y be the first exit time from H of a Brownian motion (). Define
W,, = Wyt =15 < o0;=0if g = co. Let P,,z € R? be the law of
Brownian motion starting at x.

a. Define p(z, A) :== P,{W,, € A}. Show that if z € H, the measure pu(z,-)
is supported on the boundary 0H.

b. Let h(z) := Ey(9(Wrs)I{rg<o0}). Show that h(z) = [, h(y)u(z, dy), for
veH, ( 5+ 10)

2. Let T = [0,00) and {p, .. 4,;ti € Tyi = 1,--- ,k,k > 1} be a con-
sistent family of probability measures. Let X; : RT — R, X;(z);= z(t).
Suppose for every countable subset S of T', there exists probability measures
Pg, on o{X;,t € S}, satisfying Ps o W;},,,jtk = [ty 1, Where my g (2) =
(24, ,x,),x € RT. Show that there exists a probability P on (RT, RT)
whose finite dimensional distributions are given by the family {, ... 1, }. (10)

3. Let (W;) be standard one dimensional Brownian motion. Let Fyy :=
N Fe, Fe := 0{W;,0 <t < €}. Show that if A € Fy, then P(A) =0 or 1.

e>0

(12)

4. Let (W;) be a standard one dimensional Brownian motion and and for
a >0, let 7, := inf{t > 0 : W; > «}. Use an appropriate martingale, to
show that Ee i = ¢=aV2t ¢ > (. (13)

5. Let (W;) as in 3). Show that for every x € R,z # 0, almost surely, the
set Z, := {t : W, = x} is closed, unbounded, nowhere dense, perfect set of
Lebesgue measure zero. (5)



