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1. Let G be a bounded open set in Rd and g : ∂G → R be a bounded
measurable function. Here ∂G is the boundary of G. Let H ⊂ G be an open
set. Let τH be the first exit time from H of a Brownian motion (Wt). Define
WτH := Wt, t = τH < ∞; = 0 if τH = ∞. Let Px, x ∈ Rd be the law of
Brownian motion starting at x.
a. Define µ(x,A) := Px{WτH ∈ A}. Show that if x ∈ H, the measure µ(x, ·)
is supported on the boundary ∂H.
b. Let h(x) := Ex(g(WτG)I{τG<∞}). Show that h(x) =

∫
∂H
h(y)µ(x, dy), for

x ∈ H. ( 5+ 10)

2. Let T = [0,∞) and {µt1,··· ,tk ; ti ∈ T, i = 1, · · · , k, k ≥ 1} be a con-
sistent family of probability measures. Let Xt : RT → R, Xt(x); = x(t).
Suppose for every countable subset S of T , there exists probability measures
PS, on σ{Xt, t ∈ S}, satisfying PS ◦ π−1t1,··· ,tk = µt1,··· ,tk where πt1,··· ,tk(x) :=
(xt1 , · · · , xtk), x ∈ RT . Show that there exists a probability P on (RT ,RT )
whose finite dimensional distributions are given by the family {µt1,··· ,tk}. (10)

3. Let (Wt) be standard one dimensional Brownian motion. Let F0+ :=⋂
ε>0

Fε,Fε := σ{Wt, 0 < t < ε}. Show that if A ∈ F0+ then P (A) = 0 or 1.

(12)

4. Let (Wt) be a standard one dimensional Brownian motion and and for
α > 0, let τα := inf{t > 0 : Wt ≥ α}. Use an appropriate martingale, to

show that Ee−tτα = e−α
√
2t, t > 0. (13)

5. Let (Wt) as in 3). Show that for every x ∈ R, x 6= 0, almost surely, the
set Zx := {t : Wt = x} is closed, unbounded, nowhere dense, perfect set of
Lebesgue measure zero. (5)
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